
τ = 1
c

s2∫
s1

√
gµν(xλ)ẋµẋνds

δτ = 0

δτ = d
dετ(x

κ + εhκ)|ε=0

= 1
c

s2∫
s1

d
dε

√
gµν(xλ + εhλ)(ẋµ + εḣµ)(ẋν + εḣν)ds|ε=0 =

= 1
2c

s2∫
s1

∂λgµν(x
λ+εhλ)hλ(ẋµ+εḣµ)(ẋν+εḣν)+gµν(x

λ+εhλ)ḣµ(ẋν+εḣν)+gµν(x
λ+εhλ)ḣν(ẋµ+εḣµ)√

gµν(xλ+εhλ)(ẋµ+εḣµ)(ẋν+εḣν)
ds|ε=0 =

= 1
2c

s2∫
s1

∂λgµν(x
λ)hλẋµẋν+gµν(x

λ)ḣµẋν+gµν(x
λ)ḣν ẋµ√

gµν(xλ)ẋµẋν
ds

Umsortieren ergibt fuer ḣ mit einheitlichem Index: ḣµẋν(gµν(x
λ) + gνµ(x

λ)) =

gµν(x
λ)ḣµẋν + gµν(x

λ)ḣν ẋµ

δτ = 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds+ 1
2c

s2∫
s1

ḣµ
ẋν(gµν(x

λ)+gνµ(x
λ))√

gµν(xλ)ẋµẋν
ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ d
ds
ẋν(gµν(x

λ)+gνµ(x
λ))√

gµν(xλ)ẋµẋν
ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds

− 1
2c

s2∫
s1

hµ
(ẍν(gµν(x

λ)+gνµ(x
λ))+ẋν(∂λgµν(x

λ)+∂λgνµ(x
λ)))
√
gµν(xλ)ẋµẋν

gµν(xλ)ẋµẋν
ds

− 1
2c

s2∫
s1

hµ
ẋν(gµν(x

λ)+gνµ(x
λ))

∂λgµν (xλ)ẋλẋµẋν+gµν (xλ)ẍµẋν+gµν (xλ)ẍν ẋµ

2

√
gµν (xλ)ẋµẋν

gµν(xλ)ẋµẋν
ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds

− 1
2c

s2∫
s1

hµ
ẍν(gµν(x

λ)+gνµ(x
λ))+ẋν(∂λgµν(x

λ)+∂λgνµ(x
λ))√

gµν(xλ)ẋµẋν
ds

− 1
4c

s2∫
s1

hµẋν(gµν(x
λ) + gνµ(x

λ))
∂λgµν(x

λ)ẋλẋµẋν+gµν(x
λ)ẍµẋν+gµν(x

λ)ẍν ẋµ

gµν(xλ)ẋµẋν
√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds − 1
2c

s2∫
s1

hµ
ẍνgµν(x

λ)√
gµν(xλ)ẋµẋν

ds − 1
2c

s2∫
s1

hµ
ẍνgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds −

1
2c

s2∫
s1

hµ
ẋν∂λgµν(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẋν∂λgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds−

1
4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

1



= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−ẍµgλµ(xλ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẍνgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẋν∂λgµν(x

λ)√
gµν(xλ)ẋµẋν

ds−

1
2c

s2∫
s1

hµ
ẋν∂λgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẋν∂λgµν(x

λ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẋν∂λgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hµ
ẋν∂λgνµ(x

λ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds− 1
2c

s2∫
s1

hλ
1
2∂µgλν(x

λ)ẋµẋν√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gµν(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds

+ 1
2c

s2∫
s1

hλ
− 1

2∂µgλν(x
λ)ẋµẋν− 1

2 gλµ(x
λ) ẍ

λ

ẋλ
ẋµ√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gµν(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds

2



+ 1
2c

s2∫
s1

hλ
− 1

2∂µgλν(x
λ)ẋµẋν−gλµ(xλ) ẍ

λ

ẋλ
ẋµ−gλµ(xλ)ẍµ√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
∂λgµν(x

λ)ẋλẋν
gνµ(xλ)

gµν (xλ)√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds− 1

4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds

+ 1
2c

s2∫
s1

hλ
− 1

2∂µgλν(x
λ)ẋµẋν−gλµ(xλ) ẍ

λ

ẋλ
ẋµ−gλµ(xλ)ẍµ− 1

2∂µgλν(x
λ)ẋµẋν

gνλ(xλ)

gλν (xλ)√
gµν(xλ)ẋµẋν

ds− 1
4c

s2∫
s1

hµ
gνµ(x

λ) ẍ
µ

ẋµ
ẋν√

gµν(xλ)ẋµẋν
ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds

+ 1
2c

s2∫
s1

hλ
− 1

2∂µgλν(x
λ)ẋµẋν−gλµ(xλ) ẍ

λ

ẋλ
ẋµ−gλµ(xλ)ẍµ− 1

2∂µgλν(x
λ)ẋµẋν

gνλ(xλ)

gλν (xλ)
− 1

2 gµλ(x
λ) ẍ

λ

ẋλ
ẋµ

√
gµν(xλ)ẋµẋν

ds−

1
4c

s2∫
s1

hµ
gνµ(x

λ)ẍν√
gµν(xλ)ẋµẋν

ds =

= 1
2c

s2∫
s1

hλ
∂λgµν(x

λ)ẋµẋν−2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)−ẋµ∂νgλµ(xλ)−ẋµ∂νgµλ(xλ)√
gµν(xλ)ẋµẋν

ds

+ 1
2c

s2∫
s1

hλ
− 1

2∂µgλν(x
λ)ẋµẋν−gλµ(xλ) ẍ

λ

ẋλ
ẋµ−gλµ(xλ)ẍµ− 1

2∂µgλν(x
λ)ẋµẋν

gνλ(xλ)

gλν (xλ)
−gµλ(xλ) ẍ

λ

ẋλ
ẋµ−gµλ(xλ)ẍµ√

gµν(xλ)ẋµẋν
ds =

0
0 = ∂λgµν(x

λ)ẋµẋν −2ẍµgλµ(x
λ)−2ẍµgµλ(x

λ)− ẋµ∂νgλµ(xλ)− ẋµ∂νgµλ(xλ)−
1
2∂µgλν(x

λ)ẋµẋν−gλµ(xλ) ẍ
λ

ẋλ
ẋµ−gλµ(xλ)ẍµ− 1

2∂µgλν(x
λ)ẋµẋν gνλ(x

λ)
gλν(xλ)

−gµλ(xλ) ẍ
λ

ẋλ
ẋµ−

gµλ(x
λ)ẍµ =

= ∂λgµν(x
λ)ẋµẋν−4ẍµgλµ(xλ)−2ẋµ∂νgλµ(xλ)−∂µgλν(xλ)ẋµẋν−2gλµ(xλ) ẍ

λ

ẋλ
ẋµ−

2gλµ(x
λ)ẍµ =

= 4ẍµgλµ(x
λ)+2gλµ(x

λ)ẍµ+2gλµ(x
λ) ẍ

λ

ẋλ
ẋµ+∂µgλν(x

λ)ẋµẋν+2ẋµ∂νgλµ(x
λ)−

∂λgµν(x
λ)ẋµẋν =

= ẍµ+0.5ẍµ+0.5 ẍ
λ

ẋλ
ẋµ+ gλµ(xλ)

4 (∂µgλν(x
λ)ẋµẋν+2ẋµ∂νgλµ(x

λ)−∂λgµν(xλ)ẋµẋν) =

= ẍµ+0.5ẍµ+0.5 ẍ
λ

ẋλ
ẋµ+ gλµ(xλ)

4 (∂µgλν(x
λ)+2 1

ẋν ∂νgλµ(x
λ)−∂λgµν(xλ))ẋµẋν =

= 2ẍµ + gλµ(xλ)
4 (∂µgλν(x

λ) + 2 1
ẋν ∂νgλµ(x

λ)− ∂λgµν(xλ))ẋµẋν =

3


